Patterns of the vibrational to rotational phase transition in the SD-pair shell model are studied. The results show that the U(5)-SU(3) transitional patterns of the interacting boson model can be reproduced well in the SD-pair shell model.
I. INTRODUCTION
The search for signatures of transitions among various shapes (phases) of atomic nuclei is an interesting subject in nuclear structure theory. An understanding of such shape (phase) transitions can provide insight into quantum phase transitions in other mesoscopic systems [1] . Theoretical tools for analyzing nuclear shape (phase) transitions were provided in the early 1980s [2] [3] [4] following earlier work of Gilmore [5] . It is now widely accepted that the three limiting cases of the interacting boson model (IBM) correspond to three different geometric shapes of nuclei, referred to as spherical [vibrational, U(5)], axially deformed [SU(3)], and γ -soft [O (6) ], respectively, which is usually described in terms of the Casten triangle [6] . The U(5)-SU(3) transitional description of the rare-earth nuclei Nd, Sm, Gd, and Dy reported in [7] included detailed results for most quantities of physical interest. Evidence for coexiting phases at low energy in the spherically deformed transitional nucleus 152 Sm was also analyzed using a U(5)-SU(3) transitional theory, and the results show that the two phases coexit in a very narrow range of parameter space around the critical point [8] . Recently, since the discovery of the X(5) symmetry in this region [9] , the spherical to axially deformed shape transition has attracted further attention [10] [11] [12] .
It is well known that building blocks in the IBM are s and d bosons mapped from S and D nucleon pairs [13] . Since the SD-pair shell model (SDPSM) [14] [15] [16] is also built up from SD pairs, it is expected that the SDPSM can reproduce similar transitional patterns to those of the IBM. It is the purpose of this paper to study the vibrational-rotational phase transition within the framework of the SDPSM to see whether such shape (phase) transitions can indeed be reproduced from the SDPSM with fermionic degrees of freedom.
II. MODEL
In order to study the vibration-rotation transitional patterns, a schematic Hamiltonian as those used in [17, 18] is adopted, which is a combination of the pairing interaction corresponding to the vibrational case and quadrupole-quadrupole * Electronic address: luoya@nankai.edu.cn interaction corresponding to the rotational case, with
where G and κ are the pairing and quadrupole-quadrupole interaction strength, respectively, 0 α 1 is the control parameter, and Q (2) σ is the quadrupole operator, of which the second quantized form is given by
is the corresponding ClebschGordan (CG) coefficient, and N is the principal quantum number of the harmonic oscillator wave function with energy eigenvalue (N + 3/2)hω 0 . The matrix elements for r 2 are
, where the phase factor ϕ can be taken either as −1 or +1, and r It is convenient to reparametrize the Hamiltonian as
where ξ = κ/G. It should be noted that the simple Hamiltonian (1) is chosen in analog to that commonly used in the IBM, namely, only the pairing interaction and quadrupole-quadrupole interaction are considered, except for the parameter ξ . In the IBM [12] , the parameter ξ is set to 1/4N , where N is the total number of bosons, while it is chosen to be a new parameter in the SDPSM. Hence, direct comparison of the results to those from the IBM will be pertinent.
The E2 transition operator is simply
where e eff is the effective charge; and for simplicity, e eff = 1.0e is used. The collective S pair is defined as
In this paper, the S-pair structure coefficient, as an approximation, is fixed to be y(aa0) = a
, where a is defined as a = a + 1/2 and N is the number of pairs for like nucleons. The D pair is obtained by using the commutator
After symmetrization, it is easy to obtain from Eq. (2) that
The overlap between two states with N fermion pairs is a key quantity since all the one-and two-body matrix elements, or the matrix elements of the pair creation operator and the multiple operator can be expressed in terms of them. The analytical expression for the overlap between two N-pair states is
where
while r i represents a new collective pair A r i † with
and its structure coefficients are given by a rather complicated expression,
is the angular momentum of the first i pairs in the bra vector on the right-hand side of Eq. (7). Since the right-hand side of Eq. (7) is a linear combination of overlaps for N−1 pairs, all overlaps can be calculated recursively starting from the simplest two-particle configuration. The details of the model can be found in Refs. [14] [15] [16] .
III. RESULTS AND DISCUSSIONS
To explore the vibration-rotation transitional patterns, an identical nucleon system with N = 4 was considered. We found that in the SDPSM, the limiting spectra can be reproduced very well in the higher oscillator shells. As an example, only the N = 9 oscillator shell was studied. The parameters G and κ were set to 0.1 MeV and 0.002 MeV/r 4 0 , respectively, while ξ = 0.02/r 4 0 . The control parameter α was allowed to vary between 0 and 1. Transitional patterns of many physical quantities such as energy levels, wave functions, and E2 transition rates were evaluated.
Some low-lying energy levels as a function of α are shown in Fig. 1 . We can see that similar to the results reported in Ref. [12] and those from the full shell model calculation in [17, 18] , there is indeed a minimum in the excited levels corresponding to the coexistence of spherical and axial deformed shapes in the critical region. The 2 around α ∼ 0.5. Also, the minimum energy points are not exactly the same for excited levels. For example, the minimum energy points for 0 The energy ratios R 02 = E 0
and
as a function of α are shown in Fig. 2 . One can see that R 02 drops rapidly with α over the range 0 α < 0.45 and remains at the vibrational limit value of R 02 ∼ 2 for α > 0.5. However, R 42 drops rather smoothly from the rotational limit of R 42 = 10/3 when 0 α < 0.2 to the vibrational limit of R 42 = 2 when α > 0.8.
To show how the transition affects the wave function in the ground state, amplitudes of the wave function expanded in term of nonorthogonal but normalized multipair basis are given in Fig. 3 . One can see that the amplitude of the pure S-pair component is smaller than the other components in the rotational limit when α ∼ 0. This means that the ground state is strongly mixed with the multi-D-pair states, which is a typical deformed wave function distribution. With an increase in α, the amplitude of the pure S-pair component increases, and the amplitude of the multi-D-pair components decrease. When α ∼ 1, the ground state is almost a pure S-pair state, which is a typical feature of the vibrational limit. From Fig. 3 one can also see that the most rapid changes in these amplitudes occur in the coexistence region when α ∼ 0.3-0.6.
In order to show the dependence of the critical point on the different parameter choices, the overlaps | 0 From [8] we know that the electromagnetic transition rate for 2 + 3 → 0 + 2 is sensitive not only to the phase transition but also to shape coexistence. For both the spherical and rotational limiting cases, the E2 transition is allowed between the 2 rotational shape, the B(E2; 2 Fig. 7 . One can see that the B(E2; 2
2 ) is much stronger in the two limiting cases, and there is indeed a saddle point at α ∼ 0.4, which is the same as that shown in [8] in the IBM.
The relative B(E2) ratios for B(E2; 2 
were also presented. From Fig. 9 , we can see that the lowest points are around α = 0.15 for both the IBM and SDPSM. After this point, they all increase drastically with α until α = 0.6 and become saturate for α 0.6. Figure 10 also shows that the result from the IBM for v 2 can also be reproduced within the SDPSM.
In Eq. (2), the parameter ξ , similar to the factor 1/4N used in (10) , ensures that the rank of the two terms is the same, thereby making comparison of results as a function of number of fermion pairs more meaningful, which thus determines the position of the critical point [12] . If we fit the IBM results by changing ξ , the SDPSM can reproduce the IBM even better. Namely, similar behavior to that of the IBM can be reproduced within the SDPSM, which shows it to be the first-order phase transition.
IV. A BRIEF SUMMARY
In summary, vibration-rotation transitional patterns have been studied within the framework of the SDPSM by using a Hamiltonian similar to that used in the IBM. The results show many distinctive signatures near the critical point. Though some drastic changes of some quantities within the critical region are smoothed in the SDPSM, for the most part, the U(5)-SU(3) transitional signatures of the IBM can indeed be reproduced. Since the SDPSM is formulated on a fermion pair basis, the results seem to confirm in yet another way that the IBM indeed has a sound shell model foundation, which supplements the results reported in [20] . It also demonstrates that the truncation scheme adopted in the SDPSM seems reasonable.
